Background: In this new era of radioactive beam facilities, the discovery of novel modes of excitation in nuclei far away from stability represents an area of intense research activity. In addition, these modes of excitation appear to be sensitive to the uncertain density dependence of the symmetry energy.
I. INTRODUCTION
monopole strength. This is in contrast with dipole excitations that involve 1 ω excitations and thus particle and hole states that could be relatively close in energy (e.g., 2p
1/2 → 3s 1/2 ). Once the uncorrelated polarization propagator is obtained, the RPA response emerges from the mixing of all relevant particle-hole excitation via a residual interaction that must be consistent with the one used to generate the ground state. For isoscalar modes, the residual particle-hole interaction is attractive and yields a collective response that consists largely of a single fragment-the giant monopole resonance-that exhausts most of the monopole strength. Although the isovector residual interaction is repulsive, thereby leading to a hardening and quenching of the response, for stable nuclei the final outcome is similar, namely, a giant dipole resonance that exhausts most of the classical energy weighted sum rule. However, as the nucleus becomes neutron-rich, the isovector interaction that played a relatively minor role in the ground-state properties of nuclei with a small neutron excess, generates a significantly repulsive contribution to the neutron mean-field potential. This leads to weakly bound neutron orbitals that in some cases may be close to the continuum. Even so, in the case of the dipole response there may be several discrete excitations in which both the particle and the hole remain bound. In principle, these soft excitations can be coherently mixed by the residual interaction and ultimately generate a fairly well developed soft (pygmy) dipole resonance.
However, the 2 ω character of the monopole excitations necessarily implies that all low-energy excitations must involve transitions into the continuum. Thus, a correct interpretation of the experimental results obtained by Vandebrouck and collaborators [24] requires a proper treatment of the continuum. In particular, the suggestion of a novel soft monopole mode-largely motivated by RPA predictions that use a discretized continuum-may be premature. Indeed, it now appears that the prediction of low-energy monopole peaks that are well separated from the main giant resonance in the neutron-rich Ni-isotopes [36, 37] may be an artifact of the discretization [38] . In a recent analysis based on Skyrme-RPA calculations that do not involve discretizing the continuum, Hamamoto and Sagawa conclude that "it is very unlikely to have some isoscalar monopole peaks with the width of the order of 1 MeV below the excitation energy of 20 MeV in 68 Ni" [38] . In this contribution we report relativistic RPA calculations of the distribution of isoscalar monopole strength with an exact treatment of the continuum for 56 Ni, 68 Ni, and 78 Ni. Our results are in full agreement with the conclusions by Hamamoto and Sagawa.
The paper has been organized as follows. In Sec. II we briefly describe the relativistic RPA formalism used in this work, with special emphasis on the treatment of the continuum. We then proceed in Sec. III to display our predictions for the distribution of isoscalar monopole strength in the isospin symmetric 56 Ni nucleus as well as in the neutron-rich isotopes 68 Ni and 78 Ni. Again, we pay special attention to the role of the continuum in dictating the shape of the low-energy strength. Finally, we end with a summary of our results in Sec. IV.
II. FORMALISM
In this section we provide a brief review of both the formalism required to compute the isoscalar monopole response and the physics that this mode is sensitive to. In the case of the response, special emphasis is placed on the importance of a proper treatment of the continuum. Moreover, although it is well known that the nuclear "breathing" mode probes the incompressibility coefficient of symmetric nuclear matter [14, 39, 40] , we stress that the monopole response of nuclei with a significant neutron excess is also sensitive to the poorly constrained density dependence of the symmetry energy.
A. Isoscalar Monopole Response
The formalism underlying the calculation of the relativistic mean-field ground state and the corresponding linear response has been reviewed extensively in earlier publications [16, 41, 42] . Although a full review of the formalism is no longer necessary, we nevertheless highlight those points that are of relevance to the present work, specifically the role of the continuum on the distribution of low-energy isoscalar monopole strength.
In the relativistic mean-field (RMF) approach pioneered by Serot and Walecka [43, 44] the basic constituents of the effective theory are protons and neutrons interacting via the exchange of various mesons and the photon. In addition to these conventional Yukawa terms, the model is supplemented by a variety of nonlinear meson coupling terms that are critical to improve the quality of the model [1, 45, 46] . In the RMF approximation, the nucleons satisfy a Dirac equation in the presence of strong scalar and vector potentials that are generated by the meson fields. In turn, the mesons and the photon satisfy classical Klein-Gordon equations with the relevant nuclear densities acting as source term. Due to this close interdependence, the equations of motion must be solved self-consistently until convergence is attained [47] . The self-consistent procedure culminates with the determination of single-particle energies and Dirac wave-functions, ground-state densities, and meson fields.
With such information at hand, one may proceed to compute the linear response of the mean-field ground state to a weak external perturbation. In the language of many-body theory, this requires the evaluation of the polarization propagator [35, 48] . The polarization propagator-which is a function of both the energy and momentum transfer to the nucleus-contains all dynamical information relevant to the excitation spectrum of the system. Indeed, the polarization propagator is an analytic function of the energy transfer except for simple poles located at the excitation energies of the system and with the residues at the pole corresponding to the transition form factor. The first step in the calculation of the isoscalar monopole response is the construction of the uncorrelated (or mean-field) polarization propagator that is given by the following expression:
where E (+) n and U n (x) are the single-particle energies and Dirac wave-functions obtained from the self-consistent determination of the mean-field ground state, γ 0 = diag(1, 1, −1, −1) is the zeroth component of the Dirac matrices, τ 0 is the identity matrix in isospin space, and τ 3 = diag(1, −1) is the third isospin matrix. Note that the sum is restricted to positive-energy states below the Fermi level. Central to the calculation of the polarization propagator Π ab is the single-nucleon propagator G F . Given that the "Feynman propagator" G F admits a spectral decomposition in terms of the mean-field solutions to the Dirac equation, its content is simple and illuminating. That is,
where now E (−) n and V n (x) represent single-particle energies and Dirac wave-functions associated with the negativeenergy part of the spectrum; recall that in the relativistic formalism the positive energy part of the spectrum by itself is not complete. Note that the sum is now unrestricted, as it involves bound and continuum states of both positive and negative energy. Although the spectral decomposition of the single-nucleon propagator is highly illuminating, its use in the calculation of the polarization propagator introduces certain artificial features-such as an energy cutoff and the discretization of the continuum-that may produce unreliable results. To avoid any reliance on artificial cutoffs and truncations, it is convenient to compute the nucleon propagator non-spectrally by solving exactly for the relevant Green's function. That is,
where γ = (γ 1 , γ 2 , γ 3 ) are Dirac gamma matrices and Σ MF is the same exact mean-field potential obtained from the self-consistent solution of the ground-state problem. Note that it is only by ensuring that both the bound singleparticle wave functions U n and the nucleon propagator G F "move" under the influence of the same mean-field potential that the conservation of the vector current can be ensured [42] . Moreover, the nonspectral approach has the enormous advantage that both the positive-and negative-energy continua are treated exactly.
Having generated the mean-field polarization propagator, one proceeds to build coherence into the nuclear response by mixing all particle-hole excitations of the same spin and parity. Such a procedure is implemented by iterating the uncorrelated polarization propagator to all orders. The resulting RPA response often displays strong collective behavior that manifests itself in the appearance of one "giant resonance" that exhausts most of the classical sum rule [14] . Besides its enormous impact on building the observed collectivity of certain nuclear modes, RPA correlations embody the correct self-consistent response of the mean-field ground state [49] [50] [51] . In particular, in a seminal paper on vibrational states in nuclei, Thouless showed how spurious states-such as those associated with a uniform translation of the center-of-mass-separate out cleanly from the physical modes by shifting the spurious strength to zero excitation energy [49] . In the context of the relativistic formalism, Dawson and Furnstahl generalized Thouless' result by placing particular emphasis on the role of the negative-energy states in the quest for consistency [50] .
By introducing the Fourier transform of the mean-field polarization propagator,
one can obtain Dyson's equation for the RPA polarization whose solution encapsulates the collective response of the mean-field ground state. That is,
where V cd (k, k ; ω) is the residual particle-hole interaction. The diagrammatic representation of the RPA equations is displayed in Fig. 1 . It is worth repeating that the consistent linear response of the system requires that both the mean-field potential Σ MF and the residual particle hole interaction V ab be consistent with the interaction used to generate the mean-field ground state. Finally, the distribution of isoscalar monopole strength may obtained by taking the imaginary part of the polarization propagator projected into the correct (J π = 0
In the long wavelength limit, the distribution of isoscalar monopole strength R(ω; E0) reduces to the following expression:
In turn, moments of the distribution are defined as suitable energy weighted sums, namely,
Widely used in the literature are the energy weighted m 1 , the energy unweighted m 0 , and the inverse energy weighted m −1 sums [14] .
B. Incompressibility of Neutron-Rich Matter
The saturation of infinite nuclear matter, namely, the existence of an equilibrium density, is a hallmark of the complex and rich nuclear dynamics. Given that the pressure vanishes at the equilibrium density, the small density fluctuations around saturation are described entirely by the incompressibility coefficient of symmetric nuclear matter K 0 . Although K 0 can not be measured directly in the laboratory, it can be tightly constrained from the strength distribution of the isoscalar monopole resonance. Indeed, using a sum-rule approach and assuming that all the strength is concentrated in one collective peak, the energy of the isoscalar giant monopole resonance (ISGMR) may be written as follows [14, 52] :
where M is the nucleon mass, r 2 the mean-square nuclear radius, and K A the finite-nucleus incompressibility coefficient. It is important to note that although highly suggestive, modern theoretical approaches do not rely on the above expression to infer the value of K 0 . Rather, the same energy density functional is used to predict both K 0 and the distribution of isoscalar monopole strength.
Besides providing vital information on the equation of state of symmetric nuclear matter, the ISGMR of nuclei with a large neutron excess could shed light on the density dependence of the symmetry energy. Indeed, to the extent that the ISGMR probes the incompressibility of infinite nuclear matter, the monopole response of nuclei with a significant neutron excess should be sensitive to the incompressibility coefficient of neutron-rich matter [23] . To quantify the sensitivity of the symmetry energy to the ISGMR, we introduce the energy per particle of asymmetric matter at zero temperature as follows:
where ρ = ρ n + ρ p is the total (neutron plus proton) baryon density, E SNM is the energy per particle of symmetric nuclear matter, S is the symmetry energy, and α = (ρ n −ρ p )/ρ represents the neutron-proton asymmetry. If one now expands the energy per particle around saturation density (ρ 0 ) one obtains
where x = (ρ−ρ 0 )/3ρ 0 describes the deviation of the density from its value at saturation. Here ε 0 , K 0 , and Q 0 denote the binding energy per nucleon, curvature (i.e., incompressibility), and skewness parameter of symmetric nuclear matter; J, K sym , and Q sym represent the corresponding quantities for the symmetry energy. Note, however, that unlike symmetric nuclear matter, the symmetry pressure-or equivalently the slope of the symmetry energy L-does not vanish. This suggests that whereas symmetric nuclear matter (α ≡ 0) saturates at ρ 0 , the presence of L modifies the saturation properties of asymmetric matter. Indeed, the following analytic expressions (correct to second order in α) summarize the saturation properties of asymmetric nuclear matter [23] :
Note that on very general grounds-both theoretical from the dynamics of pure neutron matter [53] [54] [55] [56] [57] [58] [59] and a variety of correlation studies [60] [61] [62] [63] , as well as experimental from a measurement of the neutron-rich skin in 208 Pb [12, 13] , the value of the slope of the symmetry energy L has been constrained to be positive. As a result, Eq. (12a) indicates that neutron-rich matter saturates at lower densities. Moreover, although slightly more uncertain, the correction term to the incompressibility coefficient (K τ ) appears also to be negative, as it is dominated by the slope of the symmetry energy [16, 23] ; see the large factor of 6 in front of L in Eq. (12c). This suggests that measurements of the isotopic dependence of the giant monopole resonance-that should include unstable nuclei with a very large neutron excess-could place significant constraints on the density dependence of the symmetry energy. Important first steps in this direction have been already taken by Garg and collaborators [64] [65] [66] . In the present paper we concentrate on the unstable neutron-rich isotopes 68 Ni and 78 Ni with neutron-proton asymmetries of α 68 = 0.18 and α 78 = 0.28, respectively.
III. RESULTS
Having provided the necessary framework to compute the distribution of isoscalar monopole strength and having discussed the physics that this mode is sensitive to, we now proceed to display our results using three relativistic mean-field models: (a) NL3 [67, 68] , FSUGold [69] , and IUFSU [70] . Whereas both NL3 and FSUGold are accuratelycalibrated interactions, IUFSU involves a fine tuning of FSUGold in response to an interpretation of x-ray observations of neutron stars that suggest that FSUGold predicts stellar radii that are too large and a maximum stellar mass that is too small [71] . Model parameters (i.e., coupling constants and meson masses) for these three sets of interactions have been listed in Table I of Ref. [70] .
Earlier attempts aimed at connecting the energies of the GMR to the incompressibility coefficient K 0 relied heavily on dangerous extrapolations from the properties of finite nuclei to those of infinite nuclear matter [39, 40] . However, as a result of the much stricter standards imposed on the field today, predictions for a variety of bulk properties of infinite nuclear matter as well as the distribution of isoscalar monopole strength may now be provided without any recourse to semi-empirical mass formulas. In Table I we list the predictions for a variety of bulk properties of infinite nuclear matter at saturation density ρ 0 as defined in Eq. (11) . In particular, ε 0 , K 0 , and Q 0 represent the binding energy per nucleon, the incompressibility coefficient, and skewness parameter of symmetric nuclear matter, while J, L, and K sym represent the energy, slope, and curvature of the symmetry energy. From these quantities, one can then obtain the asymmetric contribution to the incompressibility coefficient K τ , as per Eq. (12c). Finally, K 56 , K 68 , and K 78 represent the incompressibility coefficient of neutron-rich matter having the same neutron excess as 56 Ni(α = 0), 68 Ni(α = 0.18), and 78 Ni(α = 0.28), respectively. Note that although the NL3 prediction for K 0 is significantly larger than for the other two models, the differences disappear almost entirely in the case of K 78 ; i.e., by the time the neutron-proton asymmetry has grown up to α = 0.28. This is due to the very stiff symmetry energy of NL3 which, in turn, provides a large correction to K 0 , i.e., K τ ≈ −6L ≈ −700 MeV. Thus, the isotopic dependence of the ISGMR can help elucidate the density dependence of the symmetry energy-provided the isotopic chain includes exotic nuclei with very large neutron-proton asymmetries. (11) and (12c). Note that K56, K68, and K78 represent the incompressibility coefficient of asymmetric matter with the same neutron excess as 56 Ni, 68 Ni, and 78 Ni, respectively. All quantities are given in MeV except for ρ 0 which is given in fm −3 .
Given that the self-consistent calculation of ground-state properties is the necessary first step in the development of the RPA response, we list in Table II the predictions of all three models for the binding energy per nucleon, root-meansquare charge and neutron radii, and neutron-skin thickness of 56 Ni, 68 Ni, and 78 Ni. To our knowledge, experimental values exist only for the binding energies [72] . Relative to experiment, the largest deviation in the binding energy is seen in the case of IUFSU: 1.7% for 56 Ni, 0.3% for 68 Ni, and 1.5% for 78 Ni. For the charge radii, where experimental measurements are not yet available, the spread among the predictions amounts to less than half a percent for all three isotopes. However, as a result of the large uncertainty in the value of the slope of the symmetry energy L, a marked discrepancy is observed in the predictions for the neutron radius and neutron-skin thickness of both neutron-rich nuclei. In the case of 78 Ni, the difference between the stiffest (NL3) and softest (IUFSU) models is about 0.13 fm. In particular, note that NL3 predicts a very thick neutron skin of R [67, 68] , FSUGold [69] , and IUFSU [70] . Experimental binding energies were extracted from the AME2012 compilation [72] . Binding energies are given in MeV and radii in fm.
Having solved the self-consistent mean-field equations, which yield single-particle energies and Dirac wave-functions as well as the self-consistent scalar and vector mean-fields, one may now compute the distribution of isoscalar monopole strength in a relativistic random-phase approximation [see Eq. (5) and Fig.1] . We want to reiterate that the distribution of monopole strength involves a non-spectral solution of the nucleon propagator that is free from any discretization of the continuum. However, in order to resolve discrete particle-hole excitations, namely, excitations in which both the particle and the hole are bound, we must supply the excitation energy ω with a small imaginary part of η ≡ 0.1 MeV.
In Fig. 2(a) we display FSUGold predictions for the single-particle spectrum of 68 Ni, with the arrows used to indicate four prominent discrete excitations. As required, these four discrete excitations are also clearly discernible in the distribution of isoscalar monopole strength displayed in Fig. 2(b) . Moreover, this uncorrelated (or MFT) response shows a significant amount of fairly structureless strength from about 10 to 20 MeV followed by a series of sharp peaks in the 20 to 35 MeV region. Note that most of the "low-energy" strength is generated by excitations from a bound Dirac orbital into the continuum. As such, this component of the strength is insensitive to the choice of η (i.e., the small imaginary part of ω). In contrast, the sharp peaks at high-excitation energy represent "2 ω" excitations that could not be resolved without such a small imaginary part. Also note the presence of additional "discrete" peaks that are not identified in Fig. 2(a) . These extra peaks involve single-particle states at the edge of the continuum, such as the 3s 1/2 and 2d 5/2 proton orbitals. The attractive isoscalar component of the residual interaction is extremely efficient in mixing all individual particlehole excitations. This typically results in the development of a single collective peak that exhausts most of the energy weighted sum (EWS) [14] . The appearance of a giant monopole resonance that carries most of the EWS is clearly discernable in Fig. 2(b) (blue solid line) . This large collective mode is sensitive to the incompressibility coefficient of infinite nuclear and, at least for stable heavy nuclei, is accurately described by a Lorentzian function. However, in the case of the exotic neutron-rich isotope 68 Ni, a significant amount of non-collective excess strength is observed at low energy. This fact is best illustrated by displaying (with a red solid line) a Lorentzian fit to the large collective component. We attribute this difference to the low-energy excitations into the continuum. We note that the shape of the strength distribution at low energies is extremely sensitive to the treatment of the continuum, so one must exercise enormous care in drawing conclusions that rely on its discretization [38] .
As we have just alluded, the nature of the low-energy strength is associated with excitations from valence states into the continuum. As the neutron excess increases, the isovector interaction-which in the relativistic RMF model is dominated by vector exchange-becomes repulsive for the neutrons and attractive for the protons. In the case of 68 Ni, this results in a closely-spaced triplet of orbitals (1f 5/2 , 2p 3/2 , and 2p 1/2 ) with a binding energy of about 10 MeV that hold the 12 extra neutrons relative to 56 Ni [see Fig. 2(a) ]. This suggests that the emergence of low-energy strength should closely track the neutron excess.
To test this assertion, we display in Fig. 3 the distribution of isoscalar monopole strength for 56 Ni, 68 Ni, and 78 Ni as predicted by relativistic RPA calculations. By including three models with different bulk parameters, we can test the sensitivity of the strength distribution to the density dependence of the symmetry energy. Also listed in Table III are various relevant moments of the distribution of strength that were obtained by integrating from ω min = 0.5 MeV to ω max = 40 MeV; see Eq. (8) . The lack of low-energy strength in 56 Ni is clearly evident in Fig. 3(a) . Low-energy excitations into the continuum that were driven by the neutrons occupying the 1f 5/2 , 2p 3/2 , and 2p 1/2 orbitals in 68 Ni are absent in the case of 56 Ni. Further, for a strength distribution dominated by a single collective peak that is well approximated by a Lorentzian shape, resonance energies satisfy the following simple relations:
where ω 0 and Γ 0 represent the resonance energy and width, respectively. As expected, these relations are well satisfied 68 Ni, and (c) 78 Ni as predicted by relativistic RPA calculations using NL3 [67, 68] , FSUGold [69] , and IUFSU [70] .
for the case of 56 Ni. However, with the appearance of significant low energy strength in 68 Ni-and even more so in 78 Ni-significant distortions to the simple Lorentzian shape emerge.
Given that the incompressibility coefficient for symmetric nuclear is largest for NL3, its prediction for the GMR energy of 56 Ni is almost one MeV larger than for IUFSU (see Table III ). Remarkably, however, the predictions of all three models for the distribution of strength in 78 Ni are very similar to each other. This is consistent with the much faster softening of the incompressibility coefficient of neutron-rich matter for NL3 than in the case of either FSUGold or IUFSU; see the value of K 78 in Table I . Thus, studying the isotopic dependence of the isoscalar monopole resonance for chains containing very exotic nuclei may provide stringent constraints on the density dependence of the symmetry energy [16] . [67, 68] , FSUGold [69] , and IUFSU [70] . All moments were computed by integrating the distribution of strength from a minimum value of ωmin = 0.5 MeV to a maximum value of ωmax = 40 MeV.
IV. CONCLUSIONS
The unique and fascinating dynamics of exotic neutron-rich nuclei has lead to a paradigm shift in nuclear structure. Besides providing insights into the limits of nuclear existence and the production of heavy elements in the cosmos, the study of nuclei with large isospin asymmetries opens a window into the poorly known nuclear isovector interaction. In particular, large nuclei with a significant neutron excess develop a neutron-rich skin that is highly sensitive to the density dependence of the symmetry energy and, consequently, to the nature of the isovector interaction. Moreover, the electric dipole polarizability and the development of low energy pygmy strength in the isovector dipole response display strong sensitivity to the isovector interaction. In the present contribution we have extended the study of the soft dipole mode and its sensitivity to the isovector interaction to the isoscalar monopole response of three magic (or semi-magic) Ni-isotopes-including the very neutron-rich nuclei 68 Ni and 78 Ni. The isotopic dependence of the isoscalar monopole resonance is of great interest because the softening of the mode with increasing neutron excess is highly sensitive to the density dependence of the symmetry energy; see the expression for K τ in Eq. (12c). Although pioneering measurements of the isotopic dependence of the ISGMR in both Tin and Cadmium have already been carried out, these measurements have been limited to the stables isotopes where the neutron excess, while significant, is not yet sufficiently large. Yet, we are confident that in the new era of rare isotope facilities these experimental studies will be extended much further.
Central to our work was also the study of the emergence of low-energy isoscalar monopole strength as a function of neutron excess. In the case of the isovector dipole resonance, the appearance of low-energy pygmy strength was seen to be strongly correlated to the development of a neutron-rich skin in the Sn-isotopes. And although the nature of the pygmy dipole resonance is still under debate, primarily whether it is collective or not, the emergence of low-energy strength as a result of a significant neutron excess is undeniable.
However, the nature of the isoscalar monopole strength at low energies appears to be significantly more complex. To shed light on this problem we have carried out relativistic RPA calculations of the distribution of isoscalar monopole strength in 56 Ni, 68 Ni, and 78 Ni. In addition, we have used three RMF models with different assumptions on the isovector interaction to test the reliability of our conclusions. Finally and most importantly, our RPA formalism is based on a non-spectral Green's function approach where the continuum is treated on the same footing as the bound states. This is in contrast to spectral calculations that must rely on a discretization of the continuum.
We conclude by summarizing our most important results. We find no low energy monopole strength in the symmetric 56 Ni isotope. Rather, only one single collective giant resonance is identified with a centroid energy located at m 1 /m 0 = 20.65 MeV for NL3 (a model with an incompressibility coefficient of K 0 ≈ 270 MeV) and at 19.75 MeV for IUFSU (with K 0 ≈ 230 MeV). However, in contrast to the case of 56 Ni, a significant amount of low-energy strength is observed in both neutron-rich isotopes 68 Ni and 78 Ni-especially in the case of the latter. We associate this fairly structureless strength to the excitation of the extra 12 and 22 neutrons into the continuum. In the absence of RPA correlations, the shape of the mean-field response consists of featureless strength from about 10 to 20 MeV followed by discrete particlehole excitations in the 20 to 35 MeV region. Once the attractive residual interaction is incorporated, the coherence among all particle-hole excitations gives rise to an RPA response that is significantly softened and enhanced. This yields a smooth distribution of isoscalar monopole strength that in addition to the giant resonance peak displays a significant amount of low-energy strength. However, unlike some of the results obtained using a discretized continuum, we found no pronounced monopole states in the low-energy region that are well separated from the giant monopole resonance [37] . Instead, our results support the recent continuum calculations by Hamamoto and Sagawa that report a "broad shoulder" of low-energy monopole strength and question the appearance of isoscalar monopole peaks below 20 MeV [38] . Given that a proper treatment of the continuum is absolutely critical, the possible indication of a soft monopole mode in 68 Ni located at an energy of 12.9 ± 1.9 MeV [24] , and largely motivated by the predictions of Ref. [37] , may need further verification and validation.
